Abstract. In this paper we clarify two important issues regarding the Cosmological Slingshot Scenario, namely the choice of frame and the creation of primordial fluctuations. In particular, we show that the Einstein frame represents a non-trivial bouncing cosmology. Regarding the calculation of the primordial perturbations, we identify their vacuum state and elucidate their evolution from the quantum to the classical regimes. Finally, we calculate the exact power spectrum of primordial perturbations showing its compatibility with current data.
Introduction
The Cosmological Slingshot Scenario [1] , shortly the "Slingshot", consists on a D3-brane representing our Universe moving with non-vanishing angular momentum in a String Theory background sourced by a stack of N D3-branes. Since N is taken to be large, the back-reaction of the wandering brane to the bulk metric is negligible close to the stack. In this case then, the probe brane approximation of [2] can be used. The Slingshot brane represent a non-singular bouncing cosmology so the problems related to the Big-Bang singularity are naturally avoided as follow [1] :
A. Homogeneity. The Slingshot overcomes this problem by generating a non-singular bouncing cosmology. Due to the bounce two photons had enough time to meet each other in the past so that the high degree of homogeneity and isotropy observed could be reached. More technically, the conformal horizon of the Universe in the Slingshot scenario is infinite.
B. Isotropy. The Slingshot solves this problem in two different ways. Firstly, our bouncing cosmology may not allow the Universe to reach scales in which the anisotropic perturbations dominates. Secondly, the mirage energy densities, i.e. the energy densities coming from the bulk gravity back-reaction onto the brane, grows faster than the densities associated with anisotropic perturbations at small scales. This makes the Slingshot Universe, described by a Friedman-Robertson-Walker (FRW) geometry, stable under anisotropic perturbations.
C. Flatness. This problem is also solved in the Slingshot scenario since, due to the bounce, the spatial curvature is bounded from below. Indeed, by an appropriate choice of the minimum for the spatial curvature, which only restrict to a semi-infinite region the space of parameter of our model (the "energy" and "angular momentum"), the flatness problem is easily solved without the use of any fine-tuning.
Although the above features are extremely interesting alternatives to solve the standard cosmological problems, the Slingshot has also a predictive component. By using the mechanism proposed by [3] for the quantum brane fluctuations, an almost scale invariant spectrum for the primordial perturbations is obtained in agreement with observations [4] . The criticisms to this mechanism appeared in [5] are avoided in the Slingshot construction.
Slingshot: quick review
We will consider a probe D3-brane moving in the Klebanov-Strassler (KS) background [6] . The KS background describes the throat due to a stack of N D3-branes on a CalabiYau (CY) manifold [7, 8] , where the conical singularity [9] , at the tip of the cone, formed by putting together the N D3-branes [10, 11, 12, 13] is resolved by blowing up a sphere at the tip. Since we will restrict to orbits that never go too close to the tip of the KS geometry, we will approximate it by using the Klebanov-Tseytlin (KT) metric [14] 
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s Ng s where l s is the string length and g s is the string coupling. The supergravity approximation we are using here is valid as long as the curvature radius L of the solution is large compared to the string length l s , or equivalently g s N ≫ 1. String perturbation theory on the other hand requires g s ≪ 1.
A probe brane will experience forces due to the background and, therefore, will move in the ambient space. Its dynamics is governed by the Dirac-Born-Infeld action with a Wess-Zumino term (that takes the coupling to the bulk Ramond-Ramond fiveform into account):
where in the KS background C 0123 = 1 − 1/h. We will assume that all other fields on the brane are switched off and matter is created later. The sign of the Wess-Zumino term has been chosen so as to represent a D3-brane in the mostly plus convention for the metric, and
s is the tension of the probe. The probe brane is extended parallel to the stack of D3s, so that it looks like a point particle moving in transverse space (for inhomogeneous embedding see [15] ). In the static gauge we identify the minkowskian coordinates of ds 2 M ink in eq.(1) with the brane world-volume coordinates. The resulting induced metric is
where a prime ( ′ ) denotes a derivative with respect to η and r indicates the position of the brane in the bulk. In the case then of slow (adiabatic) motion of the brane with h r ′2 ≪ 1, the brane action (2) turns out to be
where V 3 is the un-warped volume of longitudinal brane directions (parallel to the probe).
We have also used above the symmetries of the background to write r ′2 = r ′2 + r 2 Ω ′2 5 , with Ω 5 the angle parameterizing one of the T 1,1 cycles.
The equations of motion of the probe brane follow from varying the action (4) with respect to r, Ω 5 and turn out to be
First integrals of this system are provided by
and eq. (5) is then solved by the bouncing solution
A constant of integration has been fixed by requiring that at η = 0 the probe is at the turning point r b = J/ √ 2U . For discussions on the exact solutions of (2), one may see [1, 2, 16, 17, 18] .
One can easily find that the non-relativistic approximation is accurate whenever
In this approximation, the induced metric on the brane reads
An observer on the brane will therefore experience a Friedman-Robertson-Walker metric with scale factor
where η is the observer conformal time. Since r(η) has a turning point, it is easy to see that the same happens to a(η), generating a nonsingular bouncing cosmology. The model is completed by smoothly pasting this Mirage driven era to a local gravity driven late evolution, when the brane reaches the top of the CY and gravity becomes localizedá la Randall-Sundrum [19] , reproducing the known features of the late evolution of our Universe.
Einstein frame and physical bounce
The Slingshot scenario aims to explain the primordial evolution of the Universe. It is an alternative to the standard inflationary paradigm as it replaces the inflationary phase by a mirage-dominated era where gravity is in a 10D regime.
The frame in which the Slingshot was originally developed is the so called String frame. In the String frame, particle masses are defined by the oscillations of the fundamental string, and therefore are constant in time. However, a Slingshot brane observer, experiences an induced time varying gravitational coupling until, at late times, the brane leaves the throat and ends into the CY. There, the induced gravitational coupling stabilizes to a constant value via the Randall-Sundrum mechanism [19] . It is only there that gravity turns out to be four dimensional at low energies.
The Slingshot scenario describes the Universe well before the nucleosynthesis. Only during nucleosynthesis the question of whether the gravitational coupling is constant or not is well posed and very strict constraints do apply. Thus, there are not constraints on the time variation of the four dimensional newtonian constant in the Slingshot era. Nevertheless, in [21] , it was claimed that a physical description of a gravitational system, may be only performed in a frame in which, the induced gravitational coupling, is constant, i.e. in the so called Einstein frame. However, how it is clearly explained in [20] , the only requirement of the constancy of the newtonian coupling (G 4 ) is meaningless. A physical meaningful quantity is in fact not the Newton constant but rather the gravitational force. In particular, the gravitational attraction F between two bodies of masses, let us say, m 1 and m 2 , is F ∝ G 4 (t)m 1 m 2 . The change to the Einstein frame in which G 4 = const., does not make the gravitational force time-independent, as in this case masses are m i = m i (t) [20] . Clearly, it is much more economical and natural Figure 1 . The geometry of the KS throat glued to a CY. The tip of the throat is deformed at r = r min corresponding to an IR cutoff of the dual theory whereas the "far" UV region of the throat is glued at r = r max to a CY space. The probe brane is wondering in the IR vicinity. This is similar (in the zero angular momentum case) to the RS1 setup with a probe brane, where the tip corresponds to the IR brane and the far region to the UV one.
to attribute the time dependence of the gravitational force to a corresponding time variation of the gravitational coupling rather than to the masses of the string excited states. However, for those who like to have a constant gravitational coupling even at very early times when the variation of G 4 is no constrained by any means, we will now discuss the issue of the Slingshot Einstein frame. In this section, following [26] , we show that the naive expectation that G 4 ∼ a(η)
2 [22] , where G 4 is the induced newtonian constant experienced by a probe brane observer, do not apply for a probe brane moving in a KT background. With this, we explicitly prove that, even in the Einstein frame, the Slingshot represents a bouncing non-singular cosmology.
In the Slingshot, a D3-brane is moving in the KS throat of a CY space defining the early time evolution of the Universe. When the KS throat is embedded in a compactification scheme, it should be cut off at some r U V and glued back to the rest of the compactification space [7] . On the other hand, the conical singularity, at the tip of the cone, is smoothed out by effectively cutting off the throat at r IR and appropriately deforming the space so that a smooth geometry is obtained. This construction strongly resembles the RS1 scenario [24] (see [27] and for a 10D tentative construction see [28] ), where the vicinity of r IR and r U V correspond to the IR and UV branes, respectively (see fig.1 ). The correct analysis for the induced Einstein theory on a third brane in the RS1 background has been performed in [26] . The result for a probe brane is
where d IR and d U V are the proper distances from the probe brane to, respectively, the IR and UV boundary and κ 5 is the higher dimensional gravitational coupling. One can easily see that, once the probe brane reaches the UV boundary, the newtonian constant stabilizes to a constant value. In an exact AdS 5 geometry we have
and
where r =r is the probe brane position at fixed bulk time. Thus we get that
As the probe is moving in the vicinity of the IR region r > r IR and far from the UV, r ≪ r U V , we may write
where 8πG N ≈ 2κ 2 5 /L is the Newton constant on the UV brane. As a result, for motion deep in the throat and far from the UV region r ≪ r U V , the 4D gravity is extremely weak. In this case, there is no 4D standard description as gravity is higher dimensional and the probe approximation is valid. As the probe is moving toward increasing r after the bounce, the UV region is approached. Then, G 4 is increasing, the probe approximation is no more valid and local 4D gravity completely takes over as the probe reaches the CY at r ≃ r U V . In this case, and although there is no standard 4D gravity description, if we insist in going to Einstein frame, we see that indeed G 4 scales like a 2 = r 2 . However, for the Slingshot model, where the probe is moving in the KS throat, things are quite different. Here, and when the geometry can be approximated by the KT metric, the proper distances are
To simplify the problem, we may take r IR = r s and consider the case where the probe brane is close to the IR cut-off so that r U V ≫r. Then we have d U V ≫ d IR and, thus,
where β = exp − (17) is coming from the volume of the T 1,1 manifold after dimensional reduction to 5D. The Einstein frame will therefore be defined by changing the metric to g E αβ = Ω 2 g αβ with
The resulting Einstein frame metric is then
where the scale factor is given by
where a given by eq.(9). This scale factor has a stationary point (i. [20] .
To summarize, for a probe brane moving in the KS throat of a CY compactification, the bounce is real and it exists in both string and Einstein frames. With this in mind, although this is beyond the scope of the present paper, one may also prove that the physical observables are the same in the two frames as it happens in [20] . However, as already stressed, the notion of a frame in which the gravitational coupling is constant is irrelevant as long as the Newton constant stabilizes to a constant value during the nucleosynthesis. This is precisely what happens in the Slingshot. For this reason, we believe that the physical frame should be the string frame, where the probe brane geometry is induced from the ambient space and particle masses are defined by the oscillations of the fundamental string.
Primordial Perturbations
Before calculating the power spectrum of density perturbations, let us recall a lesson from inflation. Very roughly, in inflation the primordial perturbations are produced by quantum fluctuations of a scalar field, the inflaton. These fluctuations are codified into the two point correlation function of the inflaton in its vacuum state (the BunchDavis vacuum), which also sets the initial conditions. However, these fluctuations are over-damped by the expansion of the Universe at super-horizon scales. At these scales then, the quantum state becomes characterized by a large occupation number and the system collapses into a classical state. This classical state represent a random (gaussian) spectrum of perturbations with variance given by the quantum correlations at the quantum to classical transition point [29] (see [23] for other cases).
Let us now turn our attention to the mechanism proposed by [3] . A perturbation of wavelength λ smaller than the typical quantum scale (say l c ) of a given system, is in its pure quantum state (vacuum). However, in an expanding background, the wavelength of a perturbation grows in time (λ ∝ a). In this case whenever λ ∼ l c , or in other words, as soon as the perturbation becomes macroscopic, wavelengths bigger than the horizon scale collapse into a classical random state, with the same mechanism discussed before. In the proposal of [3] , the relevant fluctuations are so continuously "created" at "super-horizon" scales. Thus, a coherent (gaussian) spectrum of classical perturbations is produced with variance given by matching the classical correlations with the quantum correlations at the quantum to classical transition point.
In the original proposal of [3] the perturbation was produced by the same radiation which sets the Cosmic Microwave Background. However, as pointed out by [5] if one would like to produce the perturbation coming out from the horizon today, this implies that this perturbation was born when the curvature sourced by the energy density of radiation (G N ρ) was much bigger than the Planck scale, which makes the mechanism unreliable. In the Slingshot this problem is avoided, since perturbations are created by brane fluctuations in a regime in which the supergravity approximation is still valid. Also, as the "quantum gravity" scale for the quantum regime of the brane fluctuations is the string length and the smallest brane fluctuation produced is much bigger than this scale, no extra quantum effect participate to the primordial perturbation calculation, making the power spectrum reliable. Finally, the criticisms of [5] where based on standard four-dimensional cosmology in which the newtonian constant cannot vary in time. As explained before, this does not happen in the Slingshot scenario where G 4 decreases back in time. As found in [1] , this property has the striking feature that G 4 ρ never reaches the quantum gravity scales, which are fixed by the Planck Mass and not by the derived G 4 .
Having set the scenario, let us now make more explicit the calculation of the primordial power spectrum. In the mechanism introduced, we can say that classical modes are created at the time η * when the proper wavelength of the corresponding quantum mode reaches the value
We start by perturbing the embedding of the probe brane by writing r = r(η) + δr(η, x) and Ω 5 = Ω 5 (η) + δΩ(η, x). The action (2) can be then expanded to quadratic order in δ's and their derivatives, getting in Fourier space
In what follows, we will find convenient to change variables to use directly the Bardeen potential δΦ k = δr k /r, in terms of which the action reads
The resulting generalized momenta are
Then the Hamiltonian obtained form the above Lagrangian is
which is positive definite and has a well defined ground state so that a quantum mechanical description of this system is possible.
Normalized operators
The equations of motion for the fluctuations are derived from the action (23) and are written as d dη r 2 δΩ
The normalized solution for these equations are
where
They satisfy the commutation rules
provided that the operators a i , a † i are standard annihilation and creation operators, i.e.,
We are interested in the correlation of the Bardeen potential δΦ at the time of creation η * . It is straightforward to check that
where r * = r(η * ).
Classical Solution and Matching
We will consider the transition point of the quantum to the classical description in the region in which k ≪ J/r 2 (this was called the frozen region in [1] ). Here in fact the oscillations of the classical solutions of the equations of motion are drastically damped and therefore the system can be considered classical, as it happens in inflation [29] . In this limit, we can discard the k 2 term in the equations (27, 28) and the resulting equations of motion read
The real solutions of these equations are
With these definitions, it is easy to invert for A k to obtain
We now consider initial conditions arising from the matching of the classical to the quantum system at the time η = η * . Therefore C k , D k , A k will be taken as Gaussian stochastic variables with correlations ... c matching the quantum correlators ... at η = η * . The constants φ k will instead be related to the fact that the quantum system picks up only positive frequencies in the vacuum state. Using the quantum solutions described above at the matching point η = η * after a lengthly but straightforward calculation we have
The matching of
requires φ k = π/2; this is the selection of positive frequencies. So we are left for each mode with
In general correlators depend on time through θ. However in the frozen region, the oscillation rapidly stabilizes in time. We will consider this asymptotic region (2Uη asymp. /J > 2π) to be well before the nucleosynthesis. At this time then
Using the initial conditions found above we then get in the limit k ≪ J/r
so the power spectrum of temperature fluctuations is
A consistency condition for the production of the perturbation is that r b < r * . So we see that in the limit r b ≪ r * we obtain the power spectrum introduced in [1] . Note that r * = r * (k) as follows from eq.(21).
Spectral index
Since we assumed that perturbations are created when the physical wavelength reaches a fixed value l c , we have from eq. (21), kl c = a * . In the Klebanov-Tseytlin (KT) metric this means
is the negative branch of Lambert's W -function [1] . Then the power spectrum (46) is explicitly written as
whereas, the scalar spectral index n s = d ln k 3 P (k)/d ln k, turns out to be
The first term in the parenthesis in (49) above is the redshift due to the KT metric reported in [1] . The second term in the parenthesis, gives a new correction coming form the time evolution of the correlation function. In the case in which ζ ≪ 1, we can use the expansion of the Lambert W function for small argument W (−ζ) ≃ ln(ζ) + · · · so to get
Since the ln(ζ) < 0 for small ζ, the first correction on n s is negative. On the other hand, the second correction comes from time evolution, and it is red or blue according to the sign of its denominator. It will be negative whenever
from which we immediately see that long wavelengths are red-shifted. On the other hand, if the last term is positive, then √ ζ < r 2 s /r 2 b and the overall sign of the correction has to be evaluated taking into account the joint contribution of both terms in (51). After some manipulations we find that the correction is red whenever
from which we conclude that short wavelengths are also red-shifted, and there is an intermediate range of wavelengths that is blue-shifted.
The various parameters appearing in the formulas for the power spectrum and the spectral index may be partially fixed by using the above expressions at a pivot wavelength λ p = ζ 1/4 p λ 0 where λ 0 = a 0 Ll c / √ 2r s . Then we can write
which gives two constraints for the three unknowns r b /r s , L 2 l 2 c T 3 and λ 0 .
Conclusions
In this paper, we clarified certain issues about the Slingshot scenario raised in [21] . Namely, the question of the frame dependence of the bounce and the generation of primordial perturbations. The Cosmological Slingshot Scenario, aspires to provide a true alternative to inflationary paradigm in string theory. It models the observable universe as a D3-brane moving in a warped throat in a CY compactification of IIB string theory. The inflationary era is replaced by a period where the evolution of the Universe is driven by mirage effects. Exit from this mirage dominated era is achieved at later times when the probe brane is approaching the base of the CY throat where local gravity becomes important and completely takes over the dynamics. In the Slingshot, due to nonvanishing angular momentum for the brane trajectory in the KS throat region of a CY space, there is a turning point on the brane orbit at a finite distance to the tip of the throat. From the point of view of an observer living in the brane, the turning point prevents an initial singularity and gives rise to a bouncing cosmology without passing through a quantum gravity regime. Particle masses are fixed and Newton constant G 4 is time-dependent.
Although there are no constraints on the time variation of G 4 before nucleosynthesis so that Slingshot is safe, the question about a frame where G 4 is constant has been asked in [21] . However, as it has been explained in [20] , the requirement of constancy of the newtonian coupling (G 4 ) is meaningless, as the physical quantity is not actually Newton constant but rather the gravitational force. The change to the Einstein frame in which G 4 = const., does not make the gravitational force time-independent, as in this case masses are time-dependent. It is much more economical and natural to attribute the time dependence of the gravitational force to a corresponding time variation of the gravitational coupling rather than to the masses. In any case, the Einstein frame of the Slingshot, can be studied.
We have shown that the naive extrapolation of the RS1 result where G 4 ∼ a 2 [22] , is not valid in the Slingshot as in the latter the motion of the probe is in the KS throat of a CY space. In this case in fact, although G 4 is still time-dependent, the Einstein frame is described by a non-singular bouncing cosmology.
Finally, regarding the calculation of the quantum primordial perturbations, we have identified their vacuum state and elucidated the matching conditions from the quantum to the classical regime of the perturbation. Using this detailed analysis, we have found the exact power spectrum of primordial perturbations showing its compatibility with latest WMAP data [4] (see [30] for the exact match of the Slingshot primordial power spectrum with the full set of WMAP data).
To conclude, we wish to comment on a criticism raised by [21] . As pointed out by [5] , if one would like to produce the perturbation coming out from the horizon today, this would imply that this perturbation was born when the curvature sourced by the energy density of radiation (G 4 ρ * ) was much bigger than the Planck scale. In the Slingshot this problem is avoided, since perturbations are created by brane fluctuations, in a regime in which the supergravity approximation is still valid. Moreover, the analysis of [5] was based on the assumption of a constant G 4 which cannot be applied to the Slingshot. In the Slingshot in fact, G 4 is decreasing back in time and therefore at the moment of creation, G 4 ρ * was much smaller than the Planck scale, as explained in [1] .
